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Abstract—The classical book by James ClerkwhereK andE are the complete elliptic integrals of first
Maxwell, “A Treatise on Electricity and Magnetism” and second kinds with modulks
(1873) [1], described an interesting method for the n
calculation of inductances, derived from a methioal t 2
calculates mutual inductances. The method was K :F(k,n/2):F(k):J‘
implemented in the programinca, available at
http://imww.coe.ufrj.br/~acmg /programs. This article
discusses the implementation, and also discussesase
other formulas for inductance and mutual inductance E=Ek,m/2) =E(k)=
calculation.
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\ll—kZSian) (4)
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To calculate the mutual inductance between two con-

centrical coils with integer number of turns, thals 1

The mutual inductance between two current filamen@d 2 are first decomposed on setsioéndn, circular

can be calculated by Neumann's formula: closed loops, and the total mutual inductance tainbd
from the evaluation of:
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where ds and dsare incremental sections of the
filaments, the dot means scalar product, anid the
distance between them. The exact integral is obdain
from an adequate parametrization of the geomettief
filaments.

whereM; is the mutual inductance between the lobps
andj. (It's possible to have one of the coils with tast
turn incomplete. (3) gives the right answer whegr of
the turns covers jugtradians if multiplied by/(2m).)

701.] The mutual inductance between two coaxial Il. SELF-INDUCTANCE

filamental circles, one with radius and another with
radius A, with distance between centdss can be cal-
culated as:

693.]' The inductance of a coil with uniform section,
where the radius of curvature is large comparet thi¢
dimensions of the transverse section of the cowduct
_Ho | | Cose ' can be calculated by computing the mutual indueanc
=2 || ——dsds; - .
4n between two filamental conductors placed at a dista
N TSI . equal to the geometrical mean distance or evenygjai
r—\/A tat+b 2Aacos(¢ ¢)’ points in the section of the conductor. The geoicedtr

12

e=¢-0’; (2)  mean distance for a round conductor with radiiss
ds=ad¢; B (©)
ds'= Adg'; R=re *=07788r
m xR Aacos - 6')dodd The calculation in this way assumes uniform curiant
M, =2 the wire.
am) J JA? +a2 +b? - 2Aacodp - ')

o ) Inductance of a solenoid
This integral can be exactly solved in the form:

2 2 In the case of a solenoid with integer number ofigu
Mlz:‘uoka‘kJK’ka} the double sum (5) can be greatly simplified, bseau
(3) there are only 21 different terms to compute, instead of
K= 2JAa the n® of the general case. Considering the turn numbers
(A+a)2 +b2 asi in one coil and’ in the other, placed vertically at a

distanceR, the mutual inductance between turn 1 and
turn 1’, My, appears times,M,; andMj, appeam-1
times, M3, and M3 appeam-2 times, and so on, until

T Numeration in Maxwell’s book.

Created: 14 March 2003. Last update: 11 May 2005



M, and Mgy, that appear just 1 time. If the image coilof K becomes problematic. The series converges very

were assembled outside or inside, instead of aljose,
n different terms would be necessary, but the cedsld
be different, and the error probably larger.
Kirchhoff's formula below for a similar approach.

slowly, and easily millions of terms must be used.
Numerical integration is an alternative when this

Sebappens, but it must be performed with high resmut

due to the large derivatives of the integrand closthe

The Pascal routine used in Inca (with the drawingnd of the interval (about 100000 intervals with an

routines and messages removed) is shown below:

Inductance of a solenoid by Maxwell's
method, using elliptic integrals
Rounds the number of turns, n =1
function MaxwellLEI(n,h,r,b,d:real):real;
var
al,c,blb2,RM,z1,z2,z10,soma,turnl,
turn2:real,
v,vtiinteger;
begin
vt:=round(n);
RM:=d/2*exp(-0.25); {g. m. d.}
al:=h/vt;
b1lb2:=RM,;
z10:=b+al/2;
z1:=710;
22:=710;
for v:=1 to vt do begin
c:=2*r/sqrt(sqr(2*r)+sqr(z1-z2-b1b2));
EF(c);
turnl:=-r*((c-2/c)*Fk+(2/c)*EK);
if v=1 then soma:=vt*turnl
else begin
c:=2*r/sqrt(sqr(2*r)+sqr(z1-z2+b1b2));
EF(c);
turn2:=-r*((c-2/c)*Fk+(2/c)*EK);
soma:=soma-+(vt-(v-1))*(turnl+turn2);
end;
z1:=z1+al;
end,;
MaxwellLEl:=4e-7*pi*soma;
end;

Flat and conical coils

A conical of flat coil doesn’t admit this simplifition,
but can still be decomposed in a series of circufays.
The mutual inductance between two coaxial coniodsc
can be still calculated by (5), and the self indace can

uniform Simpson’s rule are necessary for good pregi

up tok = 0.999999999). It is possible to use different
series, that converge quickly fde close to 1 [15].
However, a very simple algorithm exists, the AGM
(arithmetic-geometric mean) method, the produces
accurate values quickly. A Pascal function thateates
F(c) and E(c) using the AGM method, implemented in
the Inca program, is:

Complete elliptic integrals of first

and second classes - AGM method.
Returns the global variables:

Ek=E(c) and Fk=F(c)

Doesn't require more than 7 iterations for

¢ between 0 and 0.9999999999.

Reference: Pi and the AGM, J. Borwein and
P. Borwein, John Wiley & Sons.

procedure EF(c:real);
var
a,b,al,bl,E,ireal;
begin
a:=1,;
b:=sqrt(1-sqr(c));
E:=1-sqr(c)/2;
ii=1;
repeat
al:=(a+b)/2;
bl:=sqgrt(a*b);
E:=E-i*sqr((a-b)/2);
i:=2*i;
a:=al,;
b:=b1;
until abs(a-b)<le-15;
Fk:=pi/(2*a);
Ek:=E*Fk
end;

True spiral coils

be calculated as the mutual inductance between tw&'€ €duation that gives the mutual inductance ketwe

identical coils separated by (6).
Evaluation of the elliptic integrals

The complete elliptic integrals can, in principlee
evaluated by the series:

2 2 2
K=" 1+(1) k2+(1|3j k4+(1|3[5j ke +
2|7 (2 208 2046 5
(7
2 2,4 2,6
=T 1_[1 e ) "_[m K_
A 2a) 3 (2@®B) 5

A problem is that iR is much smaller than the radius of

the loops, the moduldsin (3) tends to 1 in the integrals
involving a turn and its adjacent copy, and thdwation
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two general coaxial conical coils is a more general
version of (1) (see fig. 1):

2m, 2m,
_ My dx,dx, +dy,dy, +dzdz, (8)
My, = 2 2 2
) J gy + (- v, + (2 -2)
where, fori=1 and 2:
. _ :L.
9 2m, A om,’
% =(r; +9,6,)cosH,; vy, =(r, +9,6,)sing;;
2 =a8, +h; ®)

dx = [_ Y, +9; cosh, ]dei ; dy, = [Xi +g Sinei]dei;
dz =ad6,



It's assumed that both spirals start at the sangtean [1l. EXPLICIT FORMULAS FOR INDUCTANCE

This apparently irreductible integral [7] can bdved

numerically. The self-inductance of a conical @aih be The Inca program also implements several formulas
calculated by considering two identical coils seped reported in the literature for the calculation of
by a vertical distance R’, that is R with a smalinductances of solenoids. In all cases, the forsulare

correction for the inclination of the wire: adapted for inductances in Henrys and dimensions in
meters.
, (h/n)? + (2mr)?
R=R 10 ' i i
2nr (10)  Wheeler's approximate formula [2], for solenoids.
Works well when the turns are closely spaced, gian
s result similar to Lorenz’ formula (14). A versiofibfor
I I dimensions in meters is:
ot
— L=py——
h+0.9r 12)
Wheeler's formula for flat coils [2] can be put the
form:
h
L = Ko 1000(r +8)*n?
1 411 2.54 60s - 28r (13)
Lorenz’ formula [3], models a solenoid as a cyliodf
b |—| current sheet, and works well for solenoids witim th
77777777777 rj”” windings of closely spaced turns. This equatioseen
_ _ _ in several texts (see (16)) with slightly different
Flg. 1. Conical coil. equiva|ent forms:
whereh is the height of the coil, is the radius of the 8rd 2k?-1_ 1-k* |
turns (always measured between wire centers),naisd L :Uo? -1+ e E+ K3 K|
the number of turns. For a conical coil, the geoirait (14)
average of the radii is used, and the correction is ,_ 4%  _h
approximate (the distance between wires variesgalon T h2+4r?’ & “n

two stacked identical conical coils). The numerical
integration must be done with high resolution, tluéhe Kirchhoff's formula [4], decomposes the coil inaitar

small distance between the filaments. turns, as done in Maxwell's method, and combines
mutual inductances between turns calculated bptiglli
True solenoidal coils integrals with f(0), an approximation for the self-

inductance of a single loop. is the wire radius. For the
For solenoidal coils, considering two coaxial soies case of a solenoid (the formula below) there is a
with radii ry andr,, numbers of turns, andn,, heights simplification similar to the one described for Mtl's

h, andh,, and base heights andb, , (8) becomes: method, with onlyn different mutual inductances that are
calculated by Maxwell’'s formula:
M :uoT TZ (r,r, cos@ - ¢') +a,a,)dddd’ L=nf (0)+2(n-1)f () +2(n-2)f (2e) +--- +2f ((n-2)e)
antd I +1,2 =201, cod - ')+ (ap - a,0'+b, b, f(z) =, ﬁ[(Z— kZ)K - 2E];
(15)
(11) oo 4
wherea;=h,/(2mn,) anda,=h,/(2mm,). 4%+ 72"

For the self-inductance calculation, the prograresus f(o):“t)r['-”gr‘z); 5:2

two identical coils separated vertically by R’ (10he

same simplification of the case with circular wimgs  This formula can be easily adapted for coils of singpe
appears, with only 12 integrations over single turnsthat can be decomposed into coaxial circular rings.

being necessary for the evaluation of the integral. Russell [15] gives a derivation of(0), as an

Created: 14 March 2003. Last update: 11 May 2005



program, that evaluates simultaneously the thrigatiel
integrals when they are needed. It requires at most
iteractions in the loop:

approximation for an expression using elliptic fiioes:

0= uor[Z(K - E)+j];

(16)

k= Complete elliptic integrals of first, second,
r and third kinds - AGM

Snow’s formula [5][6] adds a complicated correctton Eﬁéulrlﬂiztﬁ‘& g)"’ba' variables Ek=E(k), Fk=F(k),
Lorenz’ formula. The result is similar to Maxwell®  Reference: Garrett, Journal of Applied Physics,
Kirchhoff's formulas using circular turns, but the34.9,1963,p. 2571

calculation is faster, without the summatians the coil procedure EFII(k,creal);

radius, b is the coil height, and is the wire diameter. var

The number of turns shall be integer: bgg'?nd'e’f'alvbl,dl,ellflvsv”ea'?

a:=1;
p= 2b @=tan" p; k=sinB; k'=cosB; z—% b:=sqgrt(1-sqr(k));

d:=(1-sqr(c))/b;
_Hy {Snzan{ K+(p’-DE _ pz} er=sar(c)/(1-sar(c);

an| 3 K i=1/2;

1 2 4(E 2 a7 S:=i*sqr(a-b);
ma z repeat

2’(2"”2] 5'”( b ] nz(k‘lj[l"gj ali=(a+)/2,

+2 bl:=sqrt(a*b);
i:=2%;

_2(K-E_KK)_K () K8
IR ¢ 2 2k k

+b(|nﬂ + k'|n4j
1-k

IV. EXPLICIT FORMULAS FOR MUTUAL INDUCTANCE

S:=S+i*sqr(al-bl);
d1:=b1/(4*al)*(2+d+1/d);
el:=(d*e+f)/(1+d);

fl:=(e+f)/2;

a:=al,;

b:=b1;

d:=d1;

e:=el,

An interesting solution involving true spiral coi&s the u‘;;f”ftiibs (a-b)<1e-15) and (abs(d-1)<le-15)
formula for the mutual inductance between a cincula py.=pi/2+a); '
loop and a true solenoid starting at it plane oladiby Ek:=Fk-Fk*(sqr(k)+S)/2;

John Viriamu Jones [7R is the radius of the solenoid, ~Ike:=FkHFk:

the radius of the loopp the height of a turn divided by ~

2m, © is the final angle of the solenoidt and[1(k.C)  \with this formula, the mutual inductance betweeroé

is the complete elliptic integral of the third kinBor ith circular turns and a true solenoid can be lgasi
solenoids at any distance from the lod=Me>-Mer.  calculated, by just adding all the mutual inductsnc

The paper also shows how to compute the mutugbiween the individual turns and the solenoid.
inductance between a cylindrical current sheet and

solenoid. The same formula can also be written as (adapting a

formula in [8]):

M, = e o(a+ a)ck{Kk_zE + (;22 (K-n (k,c))};

4m _ Mo _ (A_a)z _ .
e s M@—Zn{Z(K E)+ [k I'I(k,c)]},

pra / - J(Avar e (20)
k= A2 _2/Aa. __2/Aa

(A+a) +x z A+a

If c=1, the second term reduces to zero. The compléigain, the second term disappears if A=a. Another
elliptic integral of the third kind: equivalent formula, that instead of the elliptiteigral of
w2 the third kind uses incomplete elliptic integrakhe(

limits of the int Isin (4 f 0®is [5]:
M(k,c) = J' : (19) imits of the integrals in (4) are from 0 & is [5]
1 ¢?sin ¢J1 ksin’

can also be efficiently evaluated by an AGM aldorit
[8]. Below is the Pascal routine used in the Inca
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2x+ Aa
k

i‘Az—az‘{KE(k',e)—(K —E)F(k',e)—ﬂ (21)

2
1
k= |2 . e=\i-k?; B=sin® | AT
x*+(A+a)

2
()

A-a The same equivalence can be used in (21). This just
Curiously, the formula for the mutual inductancesimplifies the notation. The derivation of (22)dasther
between a circular ring and a current sheet sadeii Vvariations of it can be found in [14].
identical to these formulas, that consider a true
filamental solenoid. [7]. Other formulas for mutual inductances between

cylindrical and flat coils, that sometimes are &glént
A formula for the mutual inductance between twdo to ones discussed above, can be found in rgf. [9
solenoids modeled as current sheets, hinted ini§7], (formulas involving current-sheet disk and soleabid

(K-E)x

(adapting [5]): coils, in some particular arrangements), [10] (eotr
sheet disk-solenoid mutual inductance and a circula
M = 2N, {W(b2_b1+h2)+w(b2_bl+n)_}; filament method), [11] (complicated formula for the
hh, W(bz‘bl*'hz""l)‘w(bz‘bl) mutual inductance between two rectangular coilg)] [1
8(r,r,)*? 2 (circular filament method for rectangular coilshdain
W(x)= xW'(x)+13|2({K _(kz_ j(K ‘E)}i the classical reference [13] (with many tables and
references). Another interesting paper is [15],t tha
W'(x) - 2%\/1i, (K _ E)i contains alternative deductions, calculation methadd
k equivalent forms for some of these equations.
T
+ ‘flz - fzz[KE(k'y 8)- (K -E)F (k' 9)‘2} Turns-independent coupling coefficient
k= L; k'=41-k?: When the coils are considered as current sheets, th
X+ (r,+,) coupling coefficientk = M /./L,L, becomes independent

from the numbers of turns in the coils. For soldabi
coils, for example, this happens if the inductanass
calculated by Lorenz’ formula (14) and the mutual
inductance is calculated by Snow/Jones’ formulg.(22

(22) V. PRIMARY COILS WITH ALL THE TURNS IN PARALLEL

The signal or the: term is positive ik is positive. When

ri=r, andx=0 (coils touching),k=1, and the formula for | ow inductance primary coils can be built by cortirer
W(X) tends to a limit. Comparing (21) with (20), itnca the turns of the coil in parallel instead of in issr

be seen that (22) can also be written using thepteten  |nductances and mutual inductances of a transformer
elliptic integral of the third kind, that is easi¢0 pyilt in this way can be calculated by the procedur

evaluate. Only the formula faW(X) changes: 1) Calculate the the inductance matrix of the whole

o\ system, considering each individual primary turnaas

(r,-r,) : .

W'(X)= X Z(K —E)+¥[K —ﬂ(k,C)] ; separate inductor. The program uses (3) for indees

z and mutual inductances of the primary side, andHer
z=/(r +1,)? +x%; (23) inductance of the secondary coil. Mutual inductance
between the primary turns and the secondary cods a

k=2 s . o= A obtained by (17). Fom primary turns, this is an

z n+r (n+1)x(n+1) matrix.

2) Invert the matrix, and add all the finstlines and
columns. This corresponds to have the same voltage
over all the primary turns, and a primary currdat tis

the sum of the currents in all the turns.

3) Invert again the resultingx2 matrix, obtaining the

Another expression foWW(x) is obtained recognizing
that Heuman’s Lambda functioky(k,0) appears in (22)
(a restricted case is listed in [9]):
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equivalent primary and secondary inductances, had t radio coils,” Proceedings of the IRE, vol 16, n6, 1

mutual inductance. October 1928.

A curious effect of this connection is that thes®tary [3]L. Lorenz, “Ueber die Fortpflanzung der
inductance is slightly reduced, because of thesihfft Electricitat,” Annalen der Physik, VII, 1879, pp.
mutual inductances between the primary turns aed th 161-193.

secondary coil. The resulting mutual inductance igl] G. Kirchhoff, “Zur Theorie der Entladung einer
similar to the mutual inductance between two spiral Leydner Flasche,” Annalen der Physik, CXXI, 1864,
coils, and the primary inductance is similar to the pp.551-566.

inductance of a single turn current sheet coil. [5] Chester  Snow, “Formulas for Computing
Capacitance and Inductance,” National Bureau of
VI. EXPERIMENTAL RESULTS Standards Circular #544.

[6] Steve Moshier, “Coil” program, available at it

Some solenoidal coils were wound with a copper tube www.moshier.net/coildoc.html

and had their inductances measured. The tablevbel§/] John Viriamu Jones, “On the calculation of the
compares the measured inductances with the prewdicti  coefficient of mutual induction of a circle and a
by Maxwell's method, with turns approximated by coaxial helix, and of the electromagnetic force
circular loops, and also lists the values that t&n between a helical current and a uniform coaxial
obtained with the formulas by Wheeler, Lorenz, Snow circular cylindrical current sheet,” Philosophical
and Kirchhoff. Inductances juH, dimensions in meters. Transactions of the Royal Society, 63, 192, 1898, p

192-205.
Short coils with closely spaced turns: Coil radias [8] M. W. Garrett, “Calculation of fields, forcesind
0.486 m, tube diameter = 0.0095 m. mutual inductances of current systems by elliptic
integrals,” Journal of Applied Physics, 34, 9,
Height N Mea Whe Lor Sno Kir Max September 1963, pp. 2567-2573.
0.0921 5 49 44.03 49.58 49.20 49.23 49.36 X ' p . .
0.0719 4 33 29.29 34.13 33.82 33.85 33.94 [9] S. Babic and C. Akyel, Improvement in calcudat
0.0516 3 20 17.16 21.02 20.75 20.78 20.84 of the self and mutual inductance of thin-wall
0.0312 2 9 7.9610.57 10.33 10.35 10.39 ; ; T ;
00109 1 2 2.08 3.98 3.00 3.03 3.03 solenoids and disk coils,” IEEE Transactions on

Magnetics, 36, 4, July 2000, pp. 1970-1975.
Long coils with widely spaced turns: Coil radius =[10] C. Akyel, S. Babic, and S. Kincic, “New andsfa

0.486, tube diameter = 0.0095 m. procedures for calculating the mutual inductance of
coaxial circular coils (circular coil-disk coil)IEEE

Height N Mea Whe Lor Sno Kir Max Transactions on Magnetics, 38, 5, September 2002,

2.1336 5 17 9.07 9.09 18.75 18.17 18.17 2367-2369

1.7051 4 13 6.96 6.98 14.67 14.28 14.28 Pp. : ) .

1.2764 3 10 4.90 4.90 10.64 10.42 10.42 [11] D. Yu and K. S. Han, "Self-inductance of agre

0.8479 2 6 2.9

0 2.
041911 3 1.09 1

gg g-gé 3-8‘3‘ g-gg circular coils with rectangular cross section," EE
' ' ' ' Transactions on Magnetics, MAG-33, 6, November

The measurements show that the formulas based 0313]19%7—,8%% 39Iii6r;139§t1'al “Mutual inductance of
curent sheet model (Lorenz' formula  and it noncoaxigl circular cc;ils with constant current
approximation by Wheeler), fail when the turns are

widely spaced. The other formulas, based on fildsen gen?ty"l,j IEfng);ranszgggnjggg Magnetics, 33, 5,
however, work well in all cases. eptember » PP i '

[13] Frederick Grover, “Inductance Calculations:
Working Formulas and Tables,” Dover Publications,
Inc., New York 1946.

[14] Chester Snow, “Mutual inductance and force
between two coaxial helical wires,”, Journal of
Research of the National Bureau of Standards, 22,
February 1939, pp. 239-269.

[15] Alexander Russel, “The magnetic field and

inductance coefficients of circular, cylindricalnca

helical currents,” Proc. Phys. Soc. London, 20, No.

1, 1906, pp. 476-506.

] Antonio C. M. de Queiroz, “Calculo de Indutéas

e indutancias mutuas pelo método de Maxwell,” 1a.

Semana da Eletronica, UFRJ, September 2003.

A version of this document was published in [16].
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