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Abstract—This document describes calculation
methods for distributed capacitances of objects with
several particular shapes, and methods for the
evaluation of the electric field around them. It’s
fundamentally a collection of formulas, some not
very easy to find in the literature. The algorithms
were implemented in the Inca program, available at
http://www.coe.ufrj.br/~acmg/programs.

1. INTRODUCTION

Most of the formulas below are known since long time,
most dating from works in the XIX century. Some
appear in Maxwell’s book [1], and some in other
collections of explicit formulas for electromagnetic
problems, as [2], or in other early works as [3]-[5]. In
most cases I have just adapted the notation, but some
derivations not found in other works are presented too.

In most of the early works, capacitance is expressed in
units of length. For example, the capacitance of a
sphere of radius a in free space is listed in [1] and [2] as
C=a. To convert this unit to Farads, it’s necessary to
multiply the value by 47e,, where €, is the permissivity
of vacuum, &), = 8.8541878 x 1072, €y can be calculated
from the speed of light ¢ and from the magnetic
permeability of vacuum, po = 47 x 107 (a definition),
from the relation:

1

VHoE

The capacitance of a sphere of radius a meters is then:

¢= (1)
Cophere = 41€0a = 111.26501a pF @)

Other figures that have simple expressions for the free-
space capacitance are:

A thin flat disk with radius a [2]:
Cuaisk = 8€a = 70.833503a pF 3)
An open hemisphere with radius a [2]:
Copen hemisphere = 4M€oa(1/2+1/1) = 91.049254a pF  (4)

A closed (with a flat disk) hemisphere with radius a [2]:
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Cclosed hemisphere =87T£0a(1—1/\/§) =94.052249 pF (5)
Two spheres with radius a in contact [1]:
tho spheres = STCEOQLH(Z) = 154.24505a pF (6)

An “oblate spheroid” is the figure generated by the
rotation of an ellipse around its minor axis. A “prolate
spheroid” is generated by the rotation of an ellipse
around its major axis. The capacitances of these figures
are, considering the major axis with length 2a and the
minor axis with the length 2b [2]:
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Note the limits when a = b reducing to (2), and the
reduction to (3) when b =0 in (7).

For bodies embedded in materials with other
permissivities, it’s just a question of multiplying €& by
the relative permissivity € of the material. The case
when different dielectrics are present on the structure
will be not discussed here.

II. CAPACITANCE OF A TOROID

From [2] (the same formula appears in [3], that is
probably the origin of this formula, but in a somewhat
different notation) the capacitance of a toroid with
major diameter D and minor diameter d, d<D/2, (fig. 1)
is:

C=16e A —a’ 3 5, L),

=P, )
G, =1/2for n=0,1for n>0;
aDod . _d 4
2 2 a

where e and 0, (x) are Legendre functions, or

in this case, “toroidal functions”.



Fig. 1. Toroid with major diameter D, minor diameter
d, center radius A, and tube radius a.

These functions can be evaluated in the following way:
The first two terms can be obtained from their relations
with the complete elliptic integrals of first and second
kinds:

Qmﬂx)sz;

K-E
0, (0 =2 = —kK; (10)
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The modulus for the elliptic integrals K and E is:

k= / 2a
A+a
And for the elliptic integrals K* and E’ (evaluated in
the same way, with modulus £’):

k'=+1-k> (12)

This is enough for the evaluation of the two first terms
of the series (enough for thin toroids). The other terms
can be obtained using the recursion for Legendre
functions, identical for both functions:

2mxP,_,(x) = (m=1/2)P,_,, ,(x)

(1)

a0~ m+1/2 (13)
0, (X) = 2mxQ,_y, (X) ;1(211/—21/ 2)Q,,y21(%)

where m=n-1. All the terms can then be easily
computed, starting with n=2 in the series (7), or m=1.

The complete elliptic integrals are the irreducible
functions:
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K =F(k,m/2)=F(k)= | ——
1-k*sin’ @

(14)

S OL——ﬁNm

E=E(k,m/2)=E(k)= J.Jl—kz sin® @ do
0

They can be quickly and precisely evaluated using the
arithmetic-geometric mean method, below implemented
in a Pascal routine:

{
Complete elliptic integrals of first
and second classes — AGM method.
Returns the global variables:
Ek=E(c) and Fk=F(c) (E and K)
Doesn’t require more than 7 iterations for
c between 0 and 0.9999999999.
Reference: Pi and the AGM, J.
P. Borwein, John Wiley & Sons.
}
procedure EF(c:real);
var

a,b,al,bl,E,i:real;
begin

a:=1;

bi=sqgrt (l-sqgr(c));

Borwein and

E:=1-sqr(c)/2;
i:=1;
repeat

al:=(a+b)/2;
bl:=sqgrt(a*b);
E:=E-i*sqr((a-b)/2);

i1:=2%1;
a:=al;
b:=bl;

until abs(a-b)<le-15;
Fk:=pi/(2*a);
Ek:=E*Fk

end;

III. APPROXIMATE CALCULATIONS FOR PARTIAL TOROIDS

A partial toroid can be described as a surface generated
by the revolution of a partial circle of radius a centered
at a distance A along the radial axis r from the
revolution axis z. The circle limits are defined by two
angles 6, and 0,. See fig. 2.
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Fig. 2: A partial toroidal surface is generated by the
rotation of a partial circle around the vertical axis.



With this formulation several figures can be generated,
as a regular toroid when 6,-0, = 27 and a<A, a sphere
when A =0, 0, = =6, = W2, an open hemisphere, etc.
Even overlapping toroids, with a>A, can be generated.

This surface can be decomposed in a set of n infinitely
thin circles with axles at the z axis, positioned at
heights z;, and with radii r;, uniformly spaced at angles
A0 along the surface:

(%=Q+%?+U—DA&i=1mn as)

1n=A+acos9,
z; =asin©,
Each of these rings has a uniform charge distribution,

with a total charge ¢;. The potential ¥ due to each ring
i at any given position ry, z0 is given by:

q. 2 q,
Wy N E— R 2 — 1= L K
(i %0) 4TI:280\/‘}’07Q 1/2(k2 J 27":280R1
2 (16)
R

1
r+n)? +(zy = 2)?

R =1

The absolute values allow correct treatment of the cases
when some radii are negative.

Considering then the mutual influences among all the
rings, a matrix P can be computed, that allows the
calculation of the potentials v; at each ring, once the
charges ¢; are known [1]:

v=Pq

By =P, =¥, (r;,2))/ g,

B, =Y.z +R)/ g,

a7

For the calculation of the “self-potentials” Py,
something must be assumed about the radius of the
rings, R. The formulation calculates then the potentials
at a distance R above the rings. The maximum
physically possible value of R would be when adjacent
rings touch:

(18)

m:

R, =asin&
2

Any reasonable fraction of this value can be used with
similar results, but there is one that produces better
results in the next calculation, that was found (by
trying!) to, curiously, be:

a . A9

R =—sin—
b

5 19)
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This radius makes the area of the surface of the ring to
be identical to the flat area represented by it, at least in
the cases when 0 = nm/2 and small A@ (as in the equator
and poles of a sphere split in many rings).

The charge distribution for uniform potential V at all
the rings can be calculated by inverting the matrix P.
The total charge in each ring is then obtained from a
sum of the corresponding lines of the inverse of P, C.
The coefficients of C are the influence coefficients k;;:

9= Vzn:k[j
=1

Cc=P"

(20)

And the capacitance of the whole assembly is simply
the sum of all the elements of C:

Ctoml = z z klj

i=1 j=1

(2D
Surface electric field

The electric field at any point of the surface is normal to
it and can be calculated by Gauss’ law as proportional
to the charge density at that point of the surface:

E =P
80

(22)

where p; is the surface charge density, uniform around
the ring i. For a closed surface, the electric field is
entirely at the outer surface. In this case, it can be
calculated directly from the charge distribution alone.

Assuming constant voltage at the surface of the object,
the charges at the rings can be calculated by (20). The
ring i has a length 27r; and a total charge ¢;. The ring
represents a thin belt with width equal to aA®. The
charge density and the electric field in a small length /
are then:

p. — q[ l 1 — q[
" 2mr laA®  2TralA® (23)
' 2mralAg,

An important application of this calculation is the
determination of the breakout voltage of the object, the
voltage that causes ionization of the air around it when
the electric field reaches about 3 MV/m:

Vi =3000/Max E; kV (24)

For a toroid, this value occurs at the maximum
diameter. In the case of open objects, it’s not possible to
calculate the surface electric field in this way, because it
is split in an unknown way between the two sides of the
surface. The calculation is also meaningless if the object



has an edge, where the electric field is ideally infinite.
A strange problem with (23) is that it fails when the
rings are close to the center of a spherical surface. The
last ring appears to have significantly less charge than
it should have (around 92%). The calculations for
capacitance, however, continue to result in good values.

IV. GENERAL TRUNCATED CONES

Any other figure with circular symmetry can be
analyzed by the same method. A simple case is the
revolution of a straight line around the central axle, that
generates figures ranging from a flat disk with a
possible central hole to a cone or an open cylinder.
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Fig. 3. A line that rotates around the vertical axis.

The coordinates or the rings are then:

h
Az=—
n
Ar=2T0
n

(25)

Z; =%+(i—l)Az, i=1l..n

7 =,i+%+(n—l)Ar, i=1l.n

The radius to use in the calculation of the self-potentials

would be, still using the maximum divided by 7:

(n=n) +n*
2nm

R= (26)
With this radius, the surface charge density and the
surface electric field (for a closed object) can be
calculated considering that the surface area of the ring
is identical to the belt area represented by it, what is
approximately valid also for the case or curves, using R
given by (19):

_ 4 I _ g
p[ - l - 2
2nr, I12nR  4TWrR 27
o
" 4m’rRe,
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V. ELECTRIC FIELD FROM A RING

The electric field anywhere can be calculated by adding
the electric fields due to the rings. From (16), the radial
and axial components of the electric field can be
calculated by differentiation, resulting in:

—— dlI’[ —
radial d’b
28
. —(I’[—‘VO‘)K+ (28)
g,signr,
= mt| L E-KK (2
2T SORI +7 T—k(n —‘VO‘)
d¥, (2, —2,)E
E i == =4 s (29)
dz, 2m°g,R’k
2 2
E/u/al = Emd[ul +Eax[al (30)

where the derivative of the elliptic integral K in relation
to the modulus k£ was used (the derivative of E is listed
below too for reference, but was not necessary):

dK _E-k"K dE_E-K
dk  k

s

dk  kk® (3D

k*=1-k7
V1. GENERAL CASE WITH AXIAL SYMMETRY

The capacitance matrix and the potential and electric
field around a series of objects with axial symmetry
decomposed in thin rings can then be easily calculated.
The objects are decomposed in series of partial toroids
conical sheets, and other shapes (as ellipses) and these
parts are decomposed in rings. To obtain the
capacitance matrix, it’s just a question of adding the
terms of the total capacitance matrix that correspond to
the rings that belong to the objects, instead of adding
them all to obtain the capacitance of the entire object.
The charges in all the rings can be obtained from the
complete equation q=CV, with the assigned voltages in
the objects arranged in V in correspondence with the
rings that belong to the objects. The potential anywhere
around the objects is obtained by adding (16) for all the
rings, and the electric field by adding (28) and (29) and
using (30). The terms at the diagonal of the capacitance
matrix correspond to the capacitances of the objects to
ground when all the other objects are grounded too. The
influence coefficients out of the diagonal measure the
relation between the charge induced in one object and
the voltage in another, when all the other objects are
grounded. From the capacitance matrix, a model of the
circuit using lumped capacitors can be derived, by
observing the equivalence:



11 klZ In
R
kl/l kZ/l k/m
Cl +C12 +‘“+C1/1 _CIZ _Cl/x
_ _CIZ C2+C12 +“‘+C2/1 _Cz/x
- Cl/x - CZ/! Cu + Cuu—l +..t Cl/x
(32)
Cy, C,, ..., C, are direct capacitances between the

elements and the ground, and the other elements are the
negative of the floating capacitances between the
objects. The direct capacitance to ground for the object i
is just the sum of the elements in the line, or column, i
of C.

VII. MAXIMUM ELECTRIC FIELD BETWEEN TWO SPHERES

A good test for these field calculations is the known
formula for the maximum electric field between two
different spheres [4]. The expression comes directly
from the method of images developed by Lord Kelvin.
For two spheres of radii a and b, a<b, with distance
between centers c, at potentials v; and v,, the maximum
electric field at the surface of the smaller sphere
(assumed as being where the surface of the smaller
sphere intercepts the line between the centers of the
spheres) is given by:

E

max

v{ 18 g 1280 e 18 +} 33
_(1+ey sy (lvgorf o (+eatf .( )

~al1-g) - o’ “no’ ’
—vz{n(l no +am I-no +an I-no +}

1+na) (1+noz3)z (1+noc5)z
ba b+an
g=41%% oo ;
c c

o =root < 1 of (a0t +b)(bou+a)=ca

This formula converges slowly when the spheres are at
small distance, but the speed is acceptable. [4] develops
a better expression for the case of spheres at small
distance too.

VIII. CAPACITANCES OF TWO SPHERES
Similar formulas, due to Kirchhoff, lead to the

capacitance matrix of two spheres [5]. For two spheres
with radii a and b and distance between centers c:
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¢ = o £
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2¢

These formulas also converge slowly when the spheres
are at small distance. [5] shows a better formula for
small distances.

The coefficients of the capacitance matrix represent the
ratio between the induced charges and the voltages. ki,
and k;, represent capacitances to ground from a sphere
with the other sphere grounded, and —k, is the floating
capacitance between the spheres. The differential
capacitance between the spheres is obtained by
assuming opposite charges *q on them:

2
ViTVs _ kky =k
q k,, +k,, +2k,

C

dif = (35)
The capacitances to ground with the other sphere
floating can also be calculated, by assuming zero charge
in the floating sphere:

2

— ky ks _klz2 - O = ky ks, — ki
> 20

ClO
k22 kll

(36)
IX. POTENTIAL AND ELECTRIC FIELD AROUND A TOROID

The solution of this problem can be traced to [3]. The
formula for the potential also appears in [2]. The
potential around an isolated toroid in free space, with
central radius A and tube radius a, at a radial distance r
and axial distance z from the center, is found as:

¥(o,B)= ZTV\/Z(COSh B—cos (X)ZGH Q”’I/Z(X)Pu,l,z(cosh B)cos no;

Pu—l/z(x)

n=0

G, =1/2forn=0,1for n> 0,

sin o= sinh B; cos ou=cosh B—Esinh B
r r

S sino 5 2cz
=tan — 3 75
5 rr+z —c

(37)



The surface electric field can be found by the
differentiation of (37). The maximum occurs when cosh
B = x =A/a (toroid surface) and a=0 (major diameter).
The result, hinted in [3] but not developed, is the series:

4\/7Vx cos(xmz
nd(x* -1) n

The ideal exact breakdown voltage can then be obtained
as in (24). This series converges somewhat more slowly
than (9) but still can achieve high precision. The series
(37) may lose precision due to errors in the evaluation
of Qy+1/2(x) by the recursion (13).

COS not
-] l/2(x)

(38)

X. EXAMPLES

Some toroids analyzed by the methods above. V,,,x was
obtained from (38) and (24), except for the “holeless”
toroid, where (23) and (24) were used. All the
capacitances (in this and the other examples) in pF:

The general algorithm for objects with axial symmetry
was implemented in the Inca program and used to
generate the next examples:

A closed hemisphere can be generated by the
combination of an open hemisphere and a flat disk (half
of the rings for each element, D = diameter):

D Cexact 20 rings 200 rings
0.2 9.4052249 9.3751321 9.4038325
0.3 14.1078374  14.0626982  14.1057488
0.4 18.8104499  18.7502642  18.8076651
0.5 23.5130623  23.4378303  23.5095813

Two spheres in contact (D = diameter, half of the rings
for each sphere):

D Cexact 20 rings 200 rings
0.1 7.7123025 7.7105894 7.7123007
0.2 15.4246050 154211788  15.4246014
0.3 23.1369075 23.1317682  23.1369021
0.4 30.8492100 30.8423576  30.8492028
0.5 38.5615125  38.5529470  38.5615035

Dxd Cexact 20 rings 200 rings Viax (KV)
0.2x0.1 9.6877342 9.6862459 9.6877328 226.2

0.3x0.1 13.527991 13.526517 13.527990 282.9485
0.4x0.1 17.200315 17.198812 17.200313 328.9148
0.5x0.1 20.738038 20.736480 20.738037 367.4999

Open hemispheres (D = diameter):

D Cexact 20 rings 200 rings
0.2 9.1049254 9.0451871 9.0989244
0.3 13.657388 13.567781 13.648387
0.4 18.209851 18.090374 18.197849
0.5 22.762314 22.612968 22.747311
Flat disks (D = diameter):

D Cexact 20 rings 200 rings
0.2 7.0833502 7.0067052 7.0757027
0.3 10.625025 10.510058 10.613554
0.4 14.166701 14.013411 14.151405
0.5 17.708376 17.516763 17.689257

Hollow cylinders (D = diameter, & = height):

D h 20 rings 200 rings

0.2 1 27.2508153 27.5562772
0.3 1 32.7125753 33.0502066
0.4 1 37.6883716 38.0515957
0.5 1 42.3659124 42.7508210

Hollow cones (D = diameter, 7 = height):

D h 20 rings 200 rings

0.2 1 20.6332474 20.8219907
0.3 1 45.0755428 24.5554255
0.4 1 27.7305014 28.0027331
0.5 1 30.9951485 31.3004301

In the last two cases no explicit formulas were found in

the literature, although very probably they are known.
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A toroid with the central hole closed by a thin disk.
Note the small difference to a regular toroid. A toroid
where the closure of the central hole doubles the
capacitance would have an aspect ratio of about
1x0.0004. Half of the rings for each element, D = major
diameter, d = diameter of the tube:

Dxd 20 rings 200 rings 400 rings

0.3x0.1 13.5176679 13.5296046 13.5296149
0.4x0.1 17.2225678 17.2348074 17.2348180
0.5x0.1 20.8623320 20.8748605 20.8748714

Maximum electric field between spheres with opposite
voltages. Half of the rings to each sphere. Dimensions
as in (33). Fields in V/m/V:

a, b, c Exact 40 rings 400 rings
0.1,0.1,0.5 147654541  14.654655 14.762658
0.1,0.2,0.5 20.7165237  20.434842 20.711307
0.1,0.3,0.5 322318226  31.394734 32.219293
Capacitance matrix for two spheres. Half of the rings to
each sphere. Dimensions as in (33):

ki, (radius a)

a, b, c Exact 40 rings 400 rings
0.1,0.1,0.5 11.6112177 11.6108704 11.6112174
0.1,0.2,0.5 12.3051750  12.3047650  12.3051745
0.1,0.3,0.5 13.7605384  13.7603742  13.7605373
ky, (radius b)

a, b, c Exact (pF) 40 rings 400 rings
0.1,0.1,0.5 11.6112177 11.6108704 11.6112174
0.1,0.2,0.5 243154312 24.3146700 24.3154303
0.1,0.3,0.5 38.6334041  38.6326963  38.6334025



k12

a, b, c Exact (pF) 40 rings 400 rings

0.1,0.1,0.5 -2.3264588  -2.3263316  -2.3264587
0.1,0.2,0.5 -4.9456676  -4.9454137  -4.9456673
0.1,0.3,0.5 -8.3626059  -8.3626805  -8.3626051

The problem with this approach is that as the number of
rings increases it becomes more and more difficult to
invert the matrix P with precision and in reasonable
time.

In the next page is a table of exact toroid capacitances
calculated by (9). Note that it would be enough to have
a single column with normalized aspect ratios, since for
a fixed aspect ratio the capacitance is directly
proportional to the major (or minor) diameter.

Acknowledgments: Thanks to Paul Nicholson for
discussions and verifications, and to Godfrey Loudner
for several papers and the derivation of (38).
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