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Abstract—This document describes calculation Celosed hemispherggmoa(l_l/\/é) =94.052249 pF (5)
methods for distributed capacitances of objects wlit

several particular shapes, and methods for the 1,4 spheres with radiwsin contact [1]:

evaluation of the electric field around them. It's

fundamentally a collection of formulas, some not — -

very easy to find in the literature. The algorithms Cuuo spheres™ 8EeaL.N(2) = 154.24508 pF ©)
were implemented in the Inca program, available at An “

. blat heroid” is the fi ted by th
http://www.coe.ufrj.br/~acmag/programs. ovlate Spneroidt 1s e figure generated by the

rotation of an ellipse around its minor axis. Adfate
spheroid” is generated by the rotation fo an eflips
around its major axis. The capacitances of thepeds

: . are, considering the major axis with length 2a #rel
Most of the formulas below are known since longetim minor axis with the length 2b [2]:

most dating from works in the XIX century. Some

|. INTRODUCTION

appear in Maxwell's book [1], and some in other C. 4 a’-b’ (7)

collections of explicit formulas for electromagrmeti oblate °Jai-p?

problems, as [2], or in other early works as [J]-[B sin a

most cases | have just adapted the notation, bue so

derivations not found in other works are presetved _ Ja? -p? 8)
Corotate = 4TEq T aida o

In most of the early works, capacitance is exprksse |HT

units of length. For example, the capacitance gjftzere o _
of radiusa in free space is listed in [1] and [2] @sa. Note the limits when a = b reducing to (2), and the
To convert this unit to Farads, it's necessary tdtiply ~ reduction to (3) wheb = 0 in (7).

the value by 7, where g, is the permissivity of

vacuum,g, = 8.8541878 x 18 &, can be calculated FOr bodies embedded in materials with other
from the speed of light and from the magnetic permissivities, it's just a question of multiplyirsg by

permeability of vacuumy, = 41t x 107 (a definition) the relative permissivityg of the material. The case when
from the relation: different dielectrics are present on the structuile be

1 not discussed here.

c=

1)
VHoEo Il. CAPACITANCE OF ATOROID
The capacitance of a sphere of radiuseters is then: ) )
From [2] (the same formula appears in [3], that is
Cophere= 4TEqa = 111.26504 pF ) p_robably the prigin of this fprmula, but in a sqrﬂm
different notation) the capacitance of a toroidhwitajor
diameter D and minor diameter d<D/2, (fig. 1) is:

= X
C =16€0\/A—a20n Qy2(%).
n=0

Other figures that have simple expressions forfitbe-
space capacitance are:

A thin flat disk with radius [2]: Fry2(X) o
o, =1/2forn=01forn>0;
Caisk = 8oa = 70.833508 pF 3) AoD-d. __d  _A
2 2’ a

An open hemisphere with radiag2]: where p_,(x) and Q,,,(x) are Legendre functions, or
Copen hemisphers 4TEA(1/2+1/m) = 91.049254 pF  (4) in this case, “toroidal functions”.

A closed (with a flat disk) hemisphere with radauf]:
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K =F(k,1/2) = F(k) :I

E=E(k,n/2) =E(k)=

s

d¢o
V1-KZsin® ¢ (14)
J1-k?sin?¢ do

'-—.m\: o

0

They can be quickly and precisely evaluated usirg t
arithmetic-geometric mean method, below implemented
in a Pascal routine:

Complete elliptic integrals of first

and second classes - AGM method.

Fig. 1. Toroid with major diamet&, minor diameted, Elfig?cs)g‘ﬁdgﬂzﬂ(g?égﬁg K

center radiug\, and tube radiua..

Doesn't require more than 7 iterations for

¢ between 0 and 0.9999999999.

. . — Reference: Pi and the AGM, J. Borwein and
These functions can be evaluated in the followisg:w  p "Borwein, John Wiley & Sons.

The first two terms can be obtained from theirttetss }

with the complete elliptic integrals of first andcend Procedure EF(c:real)

var

kinds: a,b,al,bl,E,ireal;
begin
Q2 (X) =kK; a:gzll;
Q.00 =28 "E i« T
X)=2———kK; :=1-sqr(c)/2;
V2 k 10) i1
2., repeat
Py, (X) ==kK"; al:=(a+b)/2;
n bl:=sqgrt(a*b);
' E:=E-i* -b)/2);
(¥ =E(E—kK'j i::2*i;| sqr((a-b)/2)
n a=al;
The modulus for the elliptic integratsandE is: uﬁg*;})’s(a_b)qe_l&

Fk:=pi/(2*a);

_ | 2a Ek:=E*Fk
k= A+a (11) end;

And for the elliptic integral&’ and E’ (evaluated in the
same way, with modulus ):

I1l. APPROXIMATE CALCULATIONS FOR PARTIAL TOROIDS

k'=+1-k? (12) A partial toroid can be described as a surface rgéee

This is enough for the evaluation of the two ftesims of
the series (enough for thin toroids). The othemtecan
be obtained using the recursion for Legendre fonsti
identical for both functions:

2P, 4, (%) = (M=1/2)P, 121 (X)

Pm+1/2(x) = m+1/2 ' (13)
2rn)((gm— Z(X)_ m_j/z m-= 2—1(X)
Queya(¥) = s m(wz R

wherem=n-1. All the terms can then be easily computed,
starting withn=2 in the series (7), on=1.

The complete elliptic integrals are the irreducible
functions:
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AZ

by the revolution of a partial circle of radiascentered
at a distanc@ along the radial axisfrom the revolution
axisz. The circle limits are defined by two angksand
0,. See fig. 2.

A

a ™ 61

r

Fig. 2: A partial toroidal surface is generatedy
rotation of a partial circle around the verticaisax



With this formulation several figures can be geteda
as a regular toroid whe®y-8, = 2t anda<A, a sphere

whenA = 0, 8, = -6, = 172, an open hemisphere, etc.

Even overlapping toroids, wis>A, can be generated.

This surface can be decomposed in a set iofinitely
thin circles with axles at theaxis, positioned at heights
z, and with and radir; , uniformly spaced at anglet®
along the surface:
6,-6,

n

JAGS)

6, :91+A—29+(i -1)A8, i=1.n (15)

I, = A+acosb,
z =asing,
Each of these rings has an uniform charge distabut

with a total chargej. The potential due to each ring
at any given positiony,z, is given by:

-G 2 )_ q
W0 20)=— Q| = -1]|= K
I(r ZO) 4'[‘[280 (rrori‘ Q 1 [k 2_]_[2“::0R1
_2 o (16)
R

R =/(r|+D?+(z,-2)°

The absolute values allow correct treatment ofcimses
when some radii are negative.

the cases whe® = n1v2 and smallA@ (as in the equator
and poles of a sphere split in many rings).

The charge distribution for uniform potentiakt all the
rings can be calculated by inverting the mafixThe
total charge in each ring is then obtained fronum sf
the corresponding lines of the inverse Bf C. The
coefficients ofC are the influence coefficienks:

g =Vzkij
j=1
c=p*

And the capacitance of the whole assembly is sirtipy
sum of all the elements @f:
]

(20)

Cow = ZZ kij

n
i=1 j=1

(21)
Surface electric field

The electric field at any point of the surface @mal to
it and can be calculated by Gauss’ law as propuatito
the charge density at that point of the surface:

=0 (22)
80
where g is the surface charge density, uniform around
the ringi. For a closed surface, the electric field is
entirely at the outer surface. In this case, it ¢Bn
calculated directly from the charge distributioarsd.

Considering then the mutual influences among @l thygqming constant voltage at the surface of theabj
rings, a matrixP can be computed, that allows thethe charges at the rings can be calculated by .

calculation of the potentialg, at each ring, once the
chargegy; are known [1]:

v=Pq
R =P =Lpi(rj’zj)/Qi
R =W(r,z+R)/q

7

For the calculation of the “self-potentialBj, something
must be assumed about the radius of the riRg§he
formulation calculates then the potentials at tadiseR
above the rings. The maximum physically possiblee/a
of Rwould be when adjacent rings touch:

A8

Rmax :aSin? (18)

Any reasonable fraction of this value can be usét w
similar results, but there is one that producedebet
results in the next calculation, that was found (b

trying!) to, curiously, be:
R:Esin—

- (19)

This radius makes the area of the surface of ting to
be identical to the flat area represented by iteast in
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ring i has a length 1#&; and a total chargg;. The ring
represents a thin belt with width equal &A6. The
charge density and the electric field in a smaigta |
are then:

P :&|71 = G
' 2m, laA®  21mal8 (23)
=9

21r,a\6g,

An important application of this calculation is the
determination of the breakout voltage of the objédut
voltage that causes ionization of the air arounghien
the electric field reaches about 3 MV/m:

Vo = 30000Max E; kV (24)

or a toroid, this value occurs at the maximum eigm

n the case of open objects, it's not possibledaioidate
the surface electric field in this way, becauds #plit in
an unknown way between the two sides of the surface
The calculation is also meaningless if the objexs &n
edge, where the electric field is ideally infinité&
strange problem with (23) is that it fails when tiegs
are close to the center of a spherical surface. la$ie



ring appears to have significantly less charge than
The calculations for

should have (around 92%).
capacitance, however, continue to result in goddes

IV. GENERAL TRUNCATED CONES

Any other figure with circular symmetry can be azald
by the same method. A simple case is the revolwifan

straight line around the central axle, that gemsrat

figures ranging from a flat disk with a possiblentral
hole to a cone or an open cylinder.

AZ

h

>

I rh r

Fig. 3. A line that rotates around the verticakaxi

The coordinates or the rings are then:

Az=—

n
ar=l"h
n

Z =%+(i—1)Az, i=1.n

(25)

Ar
+ —

2
The radius to use in the calculation of the setkptals
would be, still using the maximum divided 1y

L=r +(n-DAr, i=1.n

(rz B r1)2 +h?

2ntt

R= (26)

With this radius, the surface charge density aral t
surface electric field (for a closed object) can b

calculated considering that the surface area ofitfieis
identical to the belt area represented by it, wisat
approximately valid also for the case or curvemgiR
given by (19):

-9, 1 __ a9
2, 12mR - 4171 R

Pi
(27)

__ G
E_4ﬁnm0
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V. ELECTRIC FIELD FROM A RING

The electric field anywhere can be calculated hyiragl
the electric fields due to the rings. From (16§ thdial
and axial components of the electric field can be
calculated by differentiation, resulting in:

ay.
Er i =—_1=
adial dr, o8
. = (| =lropK +
g signr;
== E-Kk?K(2r
2re, R’ | + e [ko—k(ri—ro)]
_ qui — qi(zi _ZO)E
Buia === 29
axial dZO 2T[2€OR13|(I2 ( )
Eoa =+ EradiaI2 + Eaxia12 (30)

where the derivative of the elliptic integitalin relation
to the moduluk was used (the derivative &fis listed
below too for reference, but was not necessary):

dK _E-k?K dE_E-K
dk  kk? T dk K
k?=1-k?

VI. GENERAL CASE WITH AXIAL SYMMETRY

(31)

The capacitance matrix and the potential and étectr
field around a series of objects with axial symmetr
decomposed in thin rings can then be easily cakedla
The objects are decomposed in series of partiaidsr
conical sheets, and other shapes (as ellipses}hease
parts are decomposed in rings. To obtain the ctgras
matrix, it's just a question of adding the termstoé
total capacitance matrix that correspond to thgsrithat
belong to the objects, instead of adding them all t
obtain the capacitance of the entire object. Trergds

in all the rings can be obtained from the complete
equationg=CV, with the assigned voltages in the objects
arranged inV in correspondence with the rings that
belong to the objects. The potential anywhere atdba
objects is obtained by adding (16) for all the singnd
the electric field by adding (28) and (29) and ggi80).
The terms at the diagonal of the capacitance matrix
correspond to the capacitances of the objectsdangr
when all the other objects are grounded too. The
influence coefficients out of the diagonal meastie
relation between the charge induced in one objedt a
the voltage in another, when all the other objeuts
grounded. From the capacitance matrix, a modehef t
circuit using lumped capacitors can be derived, by
observing the equivalence:



k11 k12 kln 2
- ¢ as a’§ :
Cc= k?z k:zz k:2n - k11—81E0/1L-+£2+1+02£2+1+04£2+ :|’
2
kln kzn knn k22:81E0/1|: n > + 0’/72 > + a’Z 3 +...:|;
C, +C,+..4C, -C, -C, 1+p° 1+a'n” 1l+ap (34)
_ -Cp C+Cp+..+Cyy oo -C,, a a’ ad
- . . . . = - + + + ...
: : K : 2 877‘?0/{“0'2 1+a* 1+a° ’
Cln _CZn . Cn+Cnn—l+"'+Cln /12 /l Cf—a a
f: 1+ —=-—; a= n=—;
(32) a’ a b &
Cu, G, ..., C, are direct capacitances between the Jcra+b)c-a-b)cra-b)c-a+D)
elements and the ground, and the other elementhare =ycrarbjc-a 5 cra-bjc~a
C

negative of the floating capacitances between the
objects. The direct capacitance to ground for thieai These formulas also converge slowly when the sghere
is just the sum of the elements in the line, ouowi,i of are at small distance. [5] shows a better formuola f
C. small distances.

VII. M AXIMUM ELECTRIC FIELD BETWEEN TWO SPHERES The coefficients of the capacitance matrix represes
ratio between the induced charges and the voltages.

A good test for these field calculations is the wno andk;, represent capacitances to ground from a sphere

formula for the maximum electric field between twowith the other sphere grounded, ahg; is the floating

different spheres [4]. The expression comes diectcapacitance between the spheres. The differential

from the method of images developed by Lord Kelvincapacitance between the spheres is obtained bsnagsu

For two spheres of radii a and b, a<b, with distancopposite chargesq on them:

between centers c, at potentigjsandv,, the maximum

_ _ 2

electric field at the surface of the smaller sphere Cdiﬁ:V1 Va o k“klz(z Lt (35)
(assumed as being where the surface of the smaller q by e + 2K,
sphere intercepts the line between the centershe@f tThe capacitances to ground with the other sphere
spheres) is given by: floating can also be calculated, by assuming zeesge
E,..= in the floating sphere:

_ _ T2 ! —K 2 Kk 2

) Vl{ 1 Ez+a 1 EU22+az 1 EU42+H} Clo:kukzz Kip : Czozknkzz Kip (36)
_ep| |0+ href o frea’) . ke
al1-g) 1-na 1-na® .. 1-na® " IX. POTENTIAL AND ELECTRIC FIELD AROUND A TOROID
-V,1N > +an > +an =+
(L+na) (1+r]ot3) (1+r]0(5)

a+ba b+aq The solution of this problem can be traced to [@je
§= c 1T formula for the potential also appears in [2]. The
a = root< 1of (aa + b)(ba + a) = % potential around an isolated toroid in free spagih
central radiusA and tube radiua , at a radial distance
(33)  and axial distancefrom the center, is found as:

This formula converges slowly when the spheresaare w(a,g)zﬂﬂmion Qi (coshp)cosna;
Tt

small distance, but the speed is acceptable. [¥¢ldps i P9
a better expression for the case of spheres atl sma|=1/2forn=01forn>0;
distance too.

ng; c=VA-a%

VIII. CAPACITANCES OF TWO SPHERES Z2+(r+c)?.

=1
B= 2|n Z2+(r—c)?’
Similar formulas, due to Kirchhoff, lead to the
capacitance matrix of two spheres [5]. For two sphe

with radii a and b and distance between centers c:

. z . c .
sina =—=sinhB; cosa =coshB-=sinhp
r r

o = tar® sina ot 207
cosa

124722 ;

(37)
The surface electric field can be found by the
differentiation of (37). The maximum occurs wherstto
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B = x =A/a (toroid surface) andi=0 (major diameter). The general algorithm for objects with axial symiyet
The result, hinted in [3] but not developed, isskeies: was implemented in the Inca program and used to
generate the next examples:

E=

42V (x-cosa )2 5. cosna (38)

m(x’ -1 Py " P A closed hemisphere can be generated by the

The ideal exact breakdown voltage can then be médai cOmbination of an open hemisphere and a flat diskf (
as in (24). This series converges somewhat mowelslo ©f the rings for each elemei,= diameter):
than (9) but still can achieve high precision. Hagies

. . . Cexact 20 rings 200 rings
(37) may lose precision due to errors in the evalnaof 02 94052949 93751321 94038325
Qn+1AX) by the recursion (13). 0.3 141078374 14.0626982 14.1057488
0.4 18.8104499 18.7502642 18.8076651
X. EXAMPLES 0.5 235130623 23.4378303 23.5095813

Two spheres in contacD(= diameter, half of the rings
Some toroids analyzed by the methods abdyg, was for each sphere):
obtained from (38) and (24), except for the “hddele
toroid, where (23) and (24) were used. All thFD1 Cexact 20 rings 200 rings

7.7123025  7.7105894  7.7123007
capacitances (in this and the other examples) in pF 02 154246050 154211788 154246014

0.3 23.1369075 23.1317682 23.1369021

Dxd Cexact 20 rings 200rings  Vimax (kV) 0.4  30.8492100 30.8423576 30.8492028

0.2x0.1 9.6877342  9.6862459 9.6877328 226.2 0.5 38.5615125 38.5529470 38.5615035
0.3x0.1 13.527991  13.526517 13.527990  282.9485

0.4x0.1  17.200315  17.198812  17.200313  328.9148 L .
0.5x0.1  20.738038 20.736480  20.738037  367.4999 A toroid with the central hole closed by a thinldiklote

the small difference to a regular toroid. A torewiere

Open hemisphere®(= diameter): the closure of the central hole doubles the capac
would have an aspect ratio of about 1x0.0004. id&lf
D Cexact 20 rings 200 rings the rings for each elemerl = major diameterd =

0.2 91049254  9.0451871  9.0989244
0.3 13.657388  13.567781  13.648387
0.4  18.209851  18.090374  18.197849
0.5 22.762314 22612968  22.747311 Dxd 20 rings 200 rings 400 rings

diameter of the tube:

0.3x0.1 13.5176679 13.5296046 13.5296149
0.4x0.1 17.2225678 17.2348074 17.2348180

Flat disks D = diameter): 0.5x0.1  20.8623320  20.8748605  20.8748714

D Cexact 20 rings 200 rings . I . .

02 70833502  7.0067052  7.0757027 Maximum electric flel_d between spheres Wl_th opstn

03  10.625025 10.510058  10.613554 voltages. Half of the rings to each sphere. Dinmrsias

0.4 14166701  14.013411  14.151405 in (33). Fields in VIm/V:

05 17.708376  17.516763  17.689257

. ) . abc Exact 40 rings 400 rings

Hollow cylinders D = diameterh = height): 0.1,0.1,05  14.7654541 14.654655  14.762658
0.1,0.2,0.5  20.7165237 20.434842  20.711307

D h  20rings 200 rings 0.1,0.3,0.5 322318226 31.394734  32.219293

02 1  27.2508153  27.5562772

8-2 i gggégg;ig gg-gg%gg? Capacitance matrix for two spheres. Half of thesiio

05 1 423659124 427508210 each sphere. Dimensions as in (33):

ki, (radius a)

Hollow cones D = diameterh = height): _ _
a b, c Exact 40 rings 400 rings

0.1,0.1,0.5 11.6112177 11.6108704 11.6112174

D__h 20rings 200 rings 01,0.2,05 12.3051750 12.3047650 12.3051745
02 1 206332474 20.8219907 0103 05 13.7605384 13.7603742 13.7605373
03 1 450755428  24.5554255 0.3, 0. : : :

04 1 277305014  28.0027331 ko2 (radius b)

05 1  30.9951485  31.3004301 a,b,c Exact (pF) 40 rings 400 rings

0.1,0.1,05 11.6112177 11.6108704 11.6112174

he | icit £ | iy 010205 243154312 243146700 24.3154303
In the last two cases no explicit formulas werenbin = 51 g3 05 386334041 38.6326963 38.6334025

the literature, although very probably they arevmno
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k12

a, b, c Exact (pF) 40 rings 400 rings

0.1,0.1,05 -2.3264588  -2.3263316  -2.3264587
0.1,0.2,0.5 -4.9456676  -4.9454137  -4.9456673
0.1,0.3,0.5 -8.3626059  -8.3626805  -8.3626051

The problem with this approach is that as the nurobe
rings increases it becomes more and more diffitault
invert the matrixP with precision and in reasonable
time.

In the next page is a table of exact toroid capacis
calculated by (9). Note that it would be enoughawe a
single column with normalized aspect ratios, sifurea
fixed aspect ratio the capacitance is directly propnal
to the major (or minor) diameter.

Acknowledgments Thanks to Paul Nicholson for
discussions and verifications, and to Godfrey Lardn
for several papers and the derivation of (38).

This document is not a published paper.
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Exact toroid capacitances (diameters in metergatmces in pF)

Minor d.
Major d.

0.100
0.125
0.150
0.175
0.200
0.225
0.250
0.275
0.300
0.325
0.350
0.375
0.400
0.425
0.450
0.475
0.500
0.525
0.550
0.575
0.600
0.625
0.650
0.675
0.700
0.725
0.750
0.775
0.800
0.825
0.850
0.875
0.900
0.925
0.950
0.975
1.000
1.025
1.050
1.075
1.100
1.125
1.150
1.175
1.200
1.225
1.250
1.275
1.300
1.325
1.350
1.375
1.400
1.425
1.450
1.475
1.500
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0.010

3.707
4.468
5.205
5.923
6.625
7.313
7.990
8.657
9.316
9.966
10.609
11.246
11.876
12.502
13.122
13.737
14.348
14.955
15.558
16.157
16.753
17.346
17.935
18.522
19.105
19.686
20.265
20.841
21.414
21.985
22.554
23.121
23.686
24.249
24.810
25.369
25.927
26.482
27.036
27.588
28.139
28.688
29.236
29.782
30.327
30.871
31.413
31.953
32.493
33.031
33.568
34.104
34.639
35.172
35.705
36.236
36.766

0.020

4.148
5.001
5.827
6.630
7.414
8.182
8.937
9.679

0.030

4.431
5.340
6.221
7.080
7.919
8.740
9.547

10.340 10.834 11.232 1

0.040

4.653
5.598
6.518
7.417
8.295
9.156
10.002

0.050

9.492
10.369 1

10.411 11.121 11.654 12.082 1
11.133 11.892 12.462 12.921 1

11.846
12.551
13.250
13.941
14.627
15.306
15.981
16.650
17.315
17.975
18.631
19.284
19.932
20.577
21.218
21.856
22.492
23.124
23.753
24.379
25.003
25.625
26.244
26.860
27.474
28.086
28.696
29.304
29.910
30.514
31.116
31.716
32.315
32.911
33.506
34.100
34.692
35.282
35.871
36.458
37.044
37.628
38.211
38.792
39.373
39.952
40.530

12.653
13.405
14.149
14.886
15.616
16.340
17.057
17.769
18.476
19.177
19.874
20.567
21.256
21.940
22.621
23.298
23.971
24.641
25.308
25.972
26.633
27.292
27.947
28.600
29.250
29.898
30.543
31.186
31.827
32.466
33.103
33.737
34.370
35.001
35.629
36.256
36.882
37.505
38.127
38.747
39.365
39.982
40.598
41.212
41.824
42.435
43.045

13.260 13.749
14.048 14.567
14.828 15.376
15.600 16.177
16.365 16.970
17.122 17.756
17.874 18.535
18.619 19.308
19.358 20.075
20.092 20.836
20.821 21.591
21.546 22.342
22.265 23.088
22,981 23.829
23.692 24.566
24.399 25.298
25.103 26.027
25.803 26.751
26.499 27.472
27.192 28.190
27.882 28.904
28.569 29.615
29.253 30.323
29.934 31.027
30.613 31.729
31.288 32.428
31.962 33.124
32.632 33.818
33.300 34.509
33.966 35.197
34.630 35.883
35.291 36.567
35.950 37.248
36.608 37.927
37.263 38.604
37.916 39.279
38.567 39.952
39.216 40.623
39.864 41.292
40.510 41.959
41.154 42.624
41.796 43.287
42.436 43.949
43.075 44.609
43.713 45.267
44.349 45.923
44,983 46.578
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0.060 0.070 0.080 0.090 0.100 0.110 0.1

9.094 9.306 9.503

10.029 10.258
10.951 11.196
11.860 12.122
12.757 13.037
13.642 13.940
14.517 14.833
15.381 15.716
16.237 16.590
17.084 17.456
17.922 18.313
18.753 19.162
19.577 20.005
20.394 20.840
21.204 21.668
22.009 22.491
22.807 23.307
23.601 24.118
24.388 24.924
25.171 25.724
25.949 26.520
26.723 27.310
27.492 28.097
28.257 28.879
29.018 29.657
29.775 30.430
30.529 31.200
31.279 31.967
32.025 32.729
32.768 33.489
33.508 34.245
34.245 34.997
34.979 35.747
35.709 36.494
36.437 37.237
37.163 37.978
37.885 38.716
38.605 39.452
39.323 40.185
40.038 40.915
40.751 41.643
41.461 42.368
42.169 43.091
42.875 43.812
43.579 44.531
44.281 45.247
44,980 45.961
45.678 46.674
46.374 47.384
47.068 48.092
47.760 48.799
48.450 49.503
49.138 50.206

10.469
11.422
12.362
13.292
14.211
15.119
16.019
16.909
17.791
18.664
19.530
20.389
21.240
22.085
22.924
23.756
24.583
25.405
26.221
27.032
27.838
28.640
29.438
30.231
31.020
31.805
32.586
33.364
34.138
34.908
35.676
36.440
37.201
37.959
38.714
39.466
40.215
40.962
41.706
42.448
43.187
43.924
44.658
45.390
46.120
46.848
47.574
48.297
49.019
49.738
50.456
51.171

28.3
29.1
30.0
30.8
31.6
325
33.3
34.1
34.9
35.7
36.5
37.3
38.1
38.9
39.7
40.5
41.3
421
42.9
43.7
44.4
45.2
46.0
46.8
475
48.3
49.0
49.8
50.6
51.3
52.1
52.8
53.6

0.140 0.150 0.160

15.322
16.285
17.240
18.187
19.126
20.059
20.984
21.902
22.814
23.720
24.619
25,513
26.401
27.284
28.161
29.033
29.900
30.763
31.621
32.474
33.323
34.167
35.008
35.845
36.677
37.507
38.332
39.154
39.973
40.788
41.600
42.409
43.215
44.018
44.818
45.615
46.409
47.201
47.990
48.777
49.561
50.343
51.122
51.899
52.674
53.446
54.216
54.984

15.513
16.485
17.449
18.404
19.351
20.292
21.226
22.153
23.074
23.989
24.897
25.800
26.698
27.590
28.477
29.358
30.235
31.107
31.974
32.837
33.696
34.550
35.400
36.246
37.089
37.927
38.762
39.594
40.422
41.246
42.068
42.886
43.701
44,513
45.323
46.129
46.933
47.734
48.532
49.327
50.121
50.911
51.699
52.485
53.269
54.050
54.829
55.606

15.698 -------

16.678
17.649
18.612
19.567
20.516
21.457
22.392
23.322
24.245
25.162
26.073
26.979
27.880
28.776
29.666
30.552
31.433
32.309
33.181
34.048
34.912
35.771
36.626
37.477
38.325
39.169
40.009
40.846
41.680
42.510
43.337
44161
44,982
45.800
46.615
47.427
48.237
49.043
49.848
50.649
51.448
52.245
53.039
53.831
54.621
55.408
56.193

0.170 0.180

16.863 -------

17.842
18.812
19.775
20.731
21.680
22.622
23.559
24.489
25.414
26.334
27.248
28.157
29.060
29.959
30.853
31.742
32.627
33.507
34.383
35.255
36.122
36.986
37.846
38.702
39.554
40.403
41.248
42.090
42.929
43.764
44,596
45.425
46.252
47.075
47.895
48.713
49.528
50.341
51.150
51.957
52.762
53.565
54.364
55.162
56.957
56.751

18.029
19.006
19.976
20.938
21.894
22.844
23.787
24.725
25.657
26.584
27.505
28.421
29.333
30.239
31.141
32.037
32.930
33.818
34.702
35.581
36.457
37.328
38.196
39.060
39.920
40.777
41.630
42.480
43.327
44.170
45.010
45.847
46.681
47.513
48.341
49.166
49.989
50.809
51.627
52.442
53.254
54.064
54.872
55.677
56.480
57.280



