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ABSTRACT

This paper shows how “multi ple resonance networks’ of any order
an with several structures cen be systematicdly designed using
standard passve filter design techniques. These networks are mm-
posed o capadtors, inductors, transformers, and a switch, and have
the property of transferring completely energy initially put in ore
cgoadtor, insulated by the switch, to ancther cgpadtor in the drcuit
through a linea transient when the switch is closed, usualy with
the objective of producing very high voltages.

1. INTRODUCTION

“Multiple resonance networks’ is a name that generalizes the
“doule resonance’ [3][4], “triple resonance’ [5][6], and the
higher-order versions discussd in this paper. These drcuits are
usually composed o a transformer and some extra cgadtors and
inductors, and work by transferring the energy initialy stored in a
cgpadtor at one side of the transformer to another, much smaller,
cgpadtor at the other side of the transformer, througha linea tran-
sient compaosed (in the ided losdesscase) of a sum of severa sinu-
soidal waveforms (Fig. 1).
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Figure 1. Multi ple resonance network. An initial energy in
C, istotally transferred to C, through the transformer and
two posdble LC networks, during the transient after the
closing of the switch.

The doule resonance cae is long knavn and found applicaions
ranging from ealy radio systems [2] and eledrotherapeutic devices
[1], to the generation d high vdtages in high-energy physics in-
strumentation [5] and the production d impressve sparks for dem-
onstrations abou eledricity [4] (the “Teda il”). Only the two
capadtors and the transformer are used, what results in a 4™-order
system with a transient formed by two oscill atory modes (Fig. 2).
The analysis and design equations for this circuit can be foundin
many papers [3][4] and bools. With the system properly designed,
and small losses, the voltage in C, decgs cosinusoidally at ead
cycle while the voltage in C, rises $nusoidally. When the voltage
in C, reades the maximum, the voltage in C, is zero, and the aur-
rents at both sides of the transformer are dso ndl. In the ided
losdess case, all the original energy gees to C,, and the obtained
voltage is given, by smple @mnservation o energy, by eg. 1 (with
C,=C,). Note that this equation fixes the maximum output voltage
for a system of this type, independently of the order or of the
structure, and is valid for the other systems discussed below.

Vou =V S
out = Vin Cp (1)
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Figure. 2. Typicd doule resonance network, and typica
voltages in C, and C, after the dosing d the switch. The
voltage gain was designed as 10. C=1 nF, C=10 fF,
L,=129.8uH, L,=12.98 mHk_ =0. 2195 VC(0)= 10 kV.

Several variations of this circuit that can be foundin the literature,
as using an autotransformer (“Oudin coil”), with extra inductors at
one or both sides [2], or using notransformer, but a“T” or “L” (as
in this paper) of inductors. Equivalencies can be found among all
the versions.

More recently, triple resonance systems were developed [5][6][ 7]
for instrumentation wed in high-energy physics. In the studied
case, an additional cgpadtor and an inductor are added to the out-
put side (fig. 3), with the @m of reducing the voltage stressover the
transformer and d taking into consideration the output cgpadtance
of the transformer. With ony the extra inductor added, the system
is dill a doule resonance system, long knavn too [2], the “Teda
magnifier”. With the extra cgadtor the system is now of 6" order,
the transient has three oscill atory modes, but the operation with
complete energy transfer is equally passble. Design formulas can
be found in [5][6][7], and in [8] (with some corrections).

The system can be used also with the alditiona inductor and ca
padtor at the input side, with the @m of reducing the energy diss-
pation in the resistance of the switch. Thisidea ca be foundin [2].
The operation is identicd, using the “return part” of the transient,
where in the circuit in fig. 3 the energy return<to



In all the caes foundin the literature the design o these systemsis
based onthe anaysis of a fixed structure. The following sedion
shown that the design can be made by synthesis, can be gplied to a
wide range of structures, and can be extended to systems of any
order.
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Figure 3. Typicd triple resonance network, and typicd
voltages in C,, C,, and C, after the dosing d the switch.
The aurrents in the transformer an at the extra inductor are
also al null when the output voltage is maximum. The
voltage gain was also designed to 10 C=1 nF, C=1263
pF, C=10 pF, L=110 pH, L =7807 pH, L,=10.13 mH,
k,=0.28131VC(0)=10 kV.

2. SYNTHESISAPPROACH

A natural form for the LC networks in fig. 1, extending the struc-
ture in fig. 3, is a ladder sequence of series inductors and shurt
cgpadtors. The transformer can be left out of the problem, becaise
it can be diminated, or inserted after the synthesis, using the
equivalence shown in fig. 4a, where:

L
n
L, =L +L,
L 2
k, = . (2
L+L,
_Z
i

n is the turns ratio for the transformer, that can be dhasen as con-
venient for the desired vdtage gain. It multiplies the voltage gain
directly.

This reduces the problem to the synthesis of an LC network with
the structure of an LC odd-order |adder polynomial low-passfilter,
with an added shurt inductor somewhere. If the inductor is at the
low-voltage end (asisthe case for the 4" and 6" order casesin figs.

2 and 3 with the transformer eliminated, and aso for the trivial 2™
order case), the problem is reduced to the synthesis of the output
impedance of the drcuit by a successon o complete pole removals
at infinity, or a synthesis in Cauer’s first form
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Figure 4. Equwalence that allows the insertion o a trans-
former where the shurt inductor appeas (a), and general
structure without transformer (b).

With the switch closed, the impedance seen from the inpu side of
the network has a denominator of order p, even, and a numerator of
order p—1, with a zeo at DC. The same is valid for the impedance
seen at the output side. The voltage resporse of one of these im-
pedances to a aurrent impulse gplied in perale with the corre-
spondng input or output cgpadtor, that is propationa to the re-
sporse to a dharged capadtor there, is obtained from the inverse
Laplacetransform of the impedance seen at that side, and appeas
as a sum of p pure msinusoida oscill ations with pasitive multi-
plying fadors. Sinusoidal comporents dorit appea and the multi-
plying fadors must be positive because the Laplace transform of
the resulting waveform is propationa to the impedance d that side
in Foster’s first form:

p Ajs
Zni(9) OV (9) = ;SZTJZCOOZ
Similar considerations apply also to the internal capadtors in the
structure, and so all the cgadtor voltages have the forms siown in
eg. 3 (Laplacetransform) and eq. 4 (time domain), where the p
oscill ation frequencies are @mnsidered as multiples of a basic fre-
quencyw,;:

©)

p
Vi)=) A co kjcoot) 4)
=1

The aurrents at al the inductors are then propartional to the deriva
tives of the caadtor voltages (eg. 4), and so are dl sums of p sinu-
soids at the same frequencies:

p
()= B, sin(kjooot) (5)
]=1

For convenience, let's work from the output of the network, and
compute the output impedance This impedance gpeas smply in
Cauer’s first form if the transformer (if later included) is to be di-
redly conreded to the first capadtor, C,. Considering C, initially
charged to V,, the energy there is transferred to C, using the
“return” part of the (perpetual) transient waveform. Considering
that the first instant where complete energy transfer ocaursist =
TWw,, it is evident that the condtion that causes all the airrents (eq.
5) to be zeo at thisinstant is that the k must be different pasitive
integers.



With the wefficients A in eq. 4 computed, the entire network can
be obtained simply by the expansion d the impedance in eg. 3,
conveniently scded. A convenient scding is to consider the output
excited by an uritary impulsive source, what transforms the pro-
portionality in eg. 3 into an identity. The cndtions for the com-
plete energy transfer are:
From eg. 3 and fig. 4b, when- co:

P

=1
JZlApj _Cp

Att=1lw, V.=0. From eg. 4:
p p
V,(t) = ;Apj cos(k;m) = JZ:lApj (-D" = @)

At the same instanvp_lzo,vp_zzo, ..., V,=0. At any time (exceft=
0 to remove the input current impulse):

(6)

() _ dV, (1)
Vp*l (t) = Vp (t) + d dtp2 (8)
d(t dAv,(t
Vrrz(t) = p-1 = ( ) = rrl(t) + Lmlcmlﬁ() (9)

dt

di,(t) dAV,(t)
V,(t) =V,(t) + L, " =V,(t) + L,C, e

(10)
These voltages are dl zero at t = TWw, if &l the even derivatives of
V,(t) upto order 2p — 4 are null at this instant. Combining this con-
dition with egs. 6 and 7, and eliminating pavers of w, and d -1
that multiply the equations the following system of eguations re-
sults:
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As dl the A, are postive and the even powers of the k are dso
pasitive (even if some of the k were negative), the powers of —1
must have different signsin this g/stem of equations, so satisty the
sums that result in zero. This adds a @ndtion onthe ki mentioned
in [3][5][6][ 7], and that extends for higher orders: Given a positive
integer ask, the next valuek , is obtained by adding an oddinteger
to ki Vaid sequencesare 1, 2, 3, ...; 2, 3,4, ...;1, 2,5, ...; 1, 4,5,
.; etc. With this condition, the system (11) is reduced to:
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With the A, computed, an LC network can be obtained by the &-
pansion d the output impedance (eg. 3). Note that any structure
that puts C, “at the maximum distance’ from C_ is valid. The sim-
plest structure is shown in fig. 4b, but other possibilities exist.

3. EXAMPLES

3.1 4"-order case:

This is the dassc doule resonance darcuit, but withou a trans-
former (that can be included as discused above). The system of
equations in eg. 12, with C, normalized to 1 reduces to two equa-
tionsthat give A, = A,, = 1/2. The output impedance of the network
is then, normalizingy, to 1 and naming,=k andkz—l'
1 1
=s =s s+- (k2 +1%)s
-2 2 _ 2
Zou - 2T 2z
SHk? S+ s (kP 417)s KA

(13)

This impedance, expanded in Cauer’s first form (and rearanged as
in fig. 4b) results in the structure in fig. 5a, with the comporent
values:

2
C, =1 L, = v I2’

= 12-k2)’ (14)
= D, = 7
CHroeH R 2(k2+|2)k2|2

Note that even without a transformer this circuit produces the volt-
age gain (from eq. (1)):

Vorre: - |G K4 (15)
Vg, cC, 1?-k?

3.2 6"-order case:

For the triple resonance cae, the system (eq. 12) has 3 equations.
Symbadlic expressons for the dement values can be obtained and
arelisted in egs. 16, for the structure in fig. 5b, with k =k, k=I, and
k=m.
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L, = ('2 "mz)(k2 "'2) ; (16)

2
- (k2—| ) (|2—m2)
2?17 (k2 (12 +m) -12(12 - )
And the voltage gain is given by:

Vesms _ [Co _ K2(17+107) =12(17 =) 17
e (e (e (e



These expressons reduce to the expressons in [6][8] if a trans-
former is included. Note that there is another posshility, with the
shurt inductor in parall el with C,, at the center of the structure. The
resulting structure is ymmetricd and has no vdtage gain, but with
the inclusion d atransformer both versions result in the same dr-
cuit.

3.3 8" order case;

The extension for higher orders results in more voltage gain for the
same (lower) frequencies of operation, and smaller voltage differ-
ences aaossthe series inductors. No attempts of pradicd applica
tions of networks with orders greaer than 6 could be foundin the
literature. Symboalicd expressons continue to be relatively easy to
derive for the comporent values, but become rather large for the
“quadruple resonance’ case and abowve. Table 1 lists numericd
normalized (C =1, w,=1) element values for the structure in fig. 5¢
for some of the pasgbly more pradicd combinations of frequency
multipliers. Fig. 6 shows the voltage waveforms for the 2, 3, 4, 5
mode.

Table 1: Normalized element values for quadruple reso-
nance networks (fig. 5c), as function d the frequency mul-
tipliersk;, k,, k,, andk,. In al casesthetotal energy transfer
occurs inftseconds.

Values/Mode | 1,2,3,4 2,3,4,5 3,4,5,6
C, 1.000000 1.000000 1.000000
L, 0.181818 0.086957 0.051282
C, 1.920635 3.918519 6.584416
L, 0.078456  0.020310 0.007395
C, 3.383492 12.626002  34.290043
L, 0.051554  0.006828 0.001491
C, 7.060408 50.342404 227.082720
L, 0.051453  0.002312 0.000266
Voltage gain 2.657143  7.095238 15.069264
L,
Cy L, C, (@
L, Ls

T C, T Cs (b)

L, L, L,

BT TeT®0
Figure 5. Structures for transformerlessvoltage multipliers
of 4" (a), 6" (b), and & (c ) orders.

4. CONCLUSIONS

A systematic procedure for the design o LC voltage multipliers
that are agenerdlizaion o the “doule resonance’ and “triple reso-
nance’ networks was presented. The networks can be designed in
severa ways, andin the most useful form, the one that produces the

largest voltage gain, by the dired expansion d an LC impedancein
Cauer’sfirst form (continuois fradion expansion). It was also con-
cluded that it is not necessary, if only avoltage gain is required, to
use atransformer, and that a transformer can easily be included in
the ladder networks designed by the proposed method bya simple
circuit transformation. Only losdess circuits were cnsidered, but
the gplications of these drcuits usually require low losses, and
they are designed to behave & losdess circuits. The presence of
small losses donit affed significantly the behavior of pradicd cir-
cuits of this type. All the propased networks are of even order, but
note that odd-order networks, withou the shurt inductor, are dso
possble through simple modificaions in the synthesis procedure,
by the adition o a pole & 0 in eg. 3. These networks, however,
result always ymmetricd, show no inpu-output voltage gain, and
no place where a transformer can maded.
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Figure 6. Voltage waveforms for the normalized 8"-order

network in fig. 5. The voltage gain of 7.095 can be ob-
served, for an unitary starting voltageGn
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