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Abstract—In a “triple resonance network” operating with zero-  In [6], a different mode of operation was described, wher
state response, the network is composed of a transfoer  instead of a charged primary capacitor, the source ofgne
powered through a primary capacitor from a voltage source  for the system is a sinusoidal voltage source connected in
that produce_s a burst of sine c_ycles, that has asibutput side a  garjeg withC, (Fig 2) (a square wave can also be used, with
shunt _c_apacnor and a thl_rd t_:on, _whose other end conmgs to a just a small error). The output voltage has three (fgr Ea)
capacitive load. The objective is, at the end of a numbef . .
cycles, to have all the energy in the system concesited at the or four (_for Fig. 2b) frequency components, one coming
load capacitance. The operation with the zero-state respse  {fom the input and the others from the natural frequenafie
allows the charging of the output from a much smaller iput ~ the network. The examples in [6] were all for the deubl
voltage than what would be required in a capacitor-dischage ~ resonance case. In this paper, the triple resonane®nke
system, operating with the zero-input response. In he  with sinusoidal excitation is discussed.

comparison with a similar “double resonance” network, a

fundamental limitation in the voltage gain is identified, and

alternative solutions are proposed. These networks rfd

applications in high-voltage generators for pulsed power C1—|— I—b C, Vout a)
applications, and their design procedure uses curiouaspects
of the circuit theory of lossless linear circuits.
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] i . ] 1—|— b —|— 2 —|— 3 Vout
Triple resonance networks (Fig. 1b) were introduced in

[2][3][4] as a variation of the double resonance nekyvor Figure 1. Double resonance (a) and triple resonance (b) mksvo
Tesla transformer (Fig. 1a), with the purpose of charging
rapidly a relatively small capacitive load to high wgié.
The double resonance circuit is composed of a primary ' +

capacitor C;, charged to moderate high voltage, that is g‘LC out a)
connected to the input inductby of a transformer with low -

coupling coefficienky, by a switch. The system enters then

1 3
a transient involving two sinusoidal oscillations, thath .kaf
proper design ideally transfers all the input capacitergn v L L J\'é
to the output load capacit@, = C,. Energy conservation " 2 P Cy T Cs O™

dictates that the maximum voltage gain is:

Figure 2. The same networks operating with zero-state regpons
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EXCITED BY A SINUSOIDAL VOLTAGE SOURCE

The triple resonance version introduces a third indugcior C L L
connectingC, to the loadC, = C,;. With this the high- ! 4 3
voltage end can be moved away from the transformertandi + 0C 0C
is possible to obtain faster energy transfer, by using a "m —|_C ) La —|_C2 —|_C3 "Out
transformer with increased coupling coefficient, now
possible due to the reduced insulation requirements. TheFigure 3. Transformerless triple resonance network excitee fmyw-
transient after the closing of the switch involvesiltetions impedance LC tankoCo.

at three frequencies. The structure is sometimes cied ahe derivation follows the same ideas discussed in [6],
Tesla “magnifier”. The design procedure described in [1]departing from the transformerles&-&rder network shown
and in an improved version in [5], departs from theorafi  in Fig. 3, excited by an initial currei in the first inductor
the three resonance frequencies of the netwolkn, and |, Considering that the structure places three transmnissi
from some given component values. In any case, energéros at 0 between an input currégis) = ii/s in parallel
conservation fixes the maximum voltage gain as (1). with Lo and the outputy, Vou(S) has the form:




as? And so, the output impedance of the network can be

Vou(8) =

(32 +k2)(32 +|2)(s2 +m2)(s2 +n2) - (2) obtained as:
_ Bk ., Bl . Bm . Bn . (S):QBl\‘EA&)SJ,QBz\‘SAz)SJ,QBa\‘S%)SJ,QBJ‘SAa)S 6)
TEre) #a?) g rm) (2 4nd) ou & +k? Sk £+m? +n?

wherek, I, m, andn are factors that multiply a common There are four values af that cause one of the terms to
disappear. When this happens, the tap&, becomes a
zero-impedance LC tank, that acts as an ideal sinusoidal
voltage source driving the network. These values are:

frequencywy, here normalized toy = 1. The ratidk:l:mn
then defines the mode of operation of the network.d§¢h
factors are successive integers with differences #nat

doubles of odd integers, as 1:3:5:7, 3:5:7:9, 3:5:7:13, etc., El:—E;EZZi;E3:—&;E4:i ©
all the four sinusoids that form the output voltage add A A A A

constructively at t =12, when the output voltage is USing &, the driving signal is at the first frequency,
maximum. Changing the origin of time to this instant, normall_zed tow = k. The output impedance has the
becomes a sum of cosinusoids. Considering that all thexpansion:

energy in the circuit is concentrated @, Vo, can be z,,=BetA)s (B -eA)s (B, -cA)s 10
generated by an impulsive current source in paralldl @4, s +|I(m—n)(ks—r:)Fk1+m) s+ (10)
and Vy(S) is proportional to the output impedance of the Bz—81%=k(k_|+m_n)(|+m)(|_n)
network. With a proper normalizatio¥su(s) = Zou(S): B oA S e )
CB—gA =
3 k(k =1 +m=n)(i +m)(m+n)
V() =7, (9 = \251\32 . \252\32 . lBa\sz . \284\32 ©) e k)
(S +k ) (S + ) (S +m) (S +tn ) B"_glA“_k(k—l+m—n)(|—n)(m+n)
The residuesB;, can be found, except for an arbitrary Usinge,, the excitation is ab=1:
multiplying factor, by expanding (2) witm = 1. For 2, = (Bl 822”&) (Baz‘ngé)%(BAZ‘Ez@)s (11)
convenience, th& can be scaled so their absolute values sk K- n)(lir:)g‘ m sn
add to 1. The results are: B A T ok - M)k )
—_ Km=n)i+n)i-m) _ Mm=n)(k=n)k+m) 4 B —gp = mi+n)k-n)k-1)
R (S T o et L v (i e B %5 e m-n)ic-m)men)
g =—  mrnlkn)k-t) g nl-mikemi(c-1) B, —¢,A, = n(l —m)(k +m)(k -1)

(k=r+m=n)k-n)(l + m)(m+n)’ B"_(k I +m=n){k +n)(i —=n)(m+n) I(k -1 +m-n)(k +n)(m+n)
Usinges, the excitation is ab=m:

The expansion of (3) with the residues (4) in the stredtur (CB-e)s, (Bz—?—g%)s (cB,-e.A)

Fig. 3 would result in a “quadruple resonance network”, T = g T P (12)
with complete energy transfer frog to Cs in T2 seconds. k(m-n)( +n)(i —m)
Considering now that when the output voltage is maximum TRTEAS “mk=T+m-n)k+1)k+n)
there is a voltage:, left at Cy, a voltage generated by an B,-c,A = I{m=n)(k -n)k +m)
impulsive current source in parallel wi@ is added to/o,. 7% mk =1 +m-n)(k+1)1 -n)
The contribution of#, in vy, has the form: B,-£,A = n(l - m)(k +m)(k-1)
(9= as = And usinges, th m(kt It+m n)(k:;)(l o
Vout CIE) (CITEL SR SRl nd usingg,, the excitation is n:
s (S +k )S(S +| )(S S+m )(S +2 ) (5) Zoum:(_Bl_gdzA&)S*'(Bz ;846\2)S+(—B:;—842A\3)S (13)
:2Al2+2’°‘22+2'°‘32+2'°&12 s+kmn|s+;I|ms+m
(s+k)(s+|)(s+m)(s+n) -B-g,A = k(m=n){ +n)i ~m)

n(k -1 +m-n)(k+1)(k -m)

The residue#\ can be obtained by expanding (5) with= 1(m=n)(k - n)(k +m)

1, and, for convenience, scaling the residues so their B e T kT m-n)k+ )+ m)
absolute values add to 1. The results are: PN . () (el (S}
2 2 22 2 2 2 2 2 2 ) n(k_|+m_n)(k_m)(|+m)
A=- kz(m - ZX' —m )2 A= 'Z(m Z‘”ZXKZ -n )2 (6) It's seen that only,us(s) andZy.(s) are realizable, with all
2? - Jiemf —17n?) 7 7 21 =’ fim —17n?) the residues always positive kkl<mxn. This is a general
A=- m?(k* -n?)k*-1) A = n?(2-m? )* -12) property of these networks. Solutions exist only when the
(k> = Jiem? = 1202)" 7 212 - e -1°n?) excitation corresponds to one of the two highest frecjeen
Introducing a factore to control how important is this of the output signal. The final network is obtained by the
contribution,Vo(S) is given by: expansion ofZ,,(s) with the structure of Fig 3, using
BJs 1B,Js B)s Bls _ Cauer’s first form, followed by the conversionlgfL, into
V. (s) = (k) (Szi|2)+(sz+m ) &en ) @ @ transformer, and adequate impedance and frequency

scaling [1][6]. Explicit formulas for the elements become
=7,.(5)+e ZALSZ + ZAzSZ + 2A35 L+ 2A482 too complex to be listed here, but it's easy to carrytiet
(+K?) (2+12) [s*+m?) ($2+n?) calculations numerically.




A. Example 1: A. Energy left at @

Consider the design of a network operating in modéonsiderations similar to the ones that lead to (8)(@4),
5:7:9:11, with driving signal at the normalized frequenxy result in:

= 9 rad/s. Using the formulas (12), the result s) and e A e AL _ _
g (12) 0K(S) (8l-c.A-w)s (B-cA -k (B-eA D) 5

the normalized element values are: Zuwe® =2t 2em? i
S 49 ar m-n>  _ _ 1 k>-m

—S S S — . —
__96 72 288 (14) D=y o) Da==5 D=y
z = + + 2k -n?) 2 2k -n?)
aus(S) 2+25 2+49 2+121

C, =100000000(F; L, = 0014925373H; C, = 411080586 F Where theD; are the residues of the expansion in partial

L, =000296348H; C, =126654620404; L, = 0000292956+ fractions of _the contribution of an impulsive curreatise:
Introducing a transformer and scaling the networcse 5 in parallel withC; to the output voltage, already conadeymg_
NF, C; = 10 pF, ands = 30 mH, the final element values _the tanLOCO reduced to a vo!tage source. The expansion is
and the excitation frequency become: identical to the one used in the design of a capacitor-

discharge triple resonance network [1]. The parametan

2

C, = 1000pF L, = 3000mH;C, =4111pF; L, =6545uH be always chosen so all the three residues of the eppansi
C, =5.000nF; L, =1492uH;k,, =02999 f,, =3195kHz of Z,,(S) are positive, if it is between the limits:
5 2E+0003 ‘84‘ —&,A, Sy> ‘83‘ —&,A (16)

D, D,

IL3x10000

B. Example 2:

Consider again mode 5:7:9:11, but with excitatiomat 7
rad/s. Using (157,uAS) results as:

(175781 5) (243 1) (11 7)
YIS | Z=tYZ IS |—T—=-Y=|s

Z (9= 875000 '24)" (280 '2)" | 160 "24)" (17)

ouz s +25 s*+81 s +121

ILax1000 ILbx10000

The limits (16) are thewy > —-243/140 =-1.736 andy <
—-33/140 =-0.2357. At the limits, one term of the expansion
disappears, and the tahkC; too. A reasonable value is
between the limitsy = —0.9, what results, approximately, in
the maximum output voltage, of 10.82 kV. The resulting
element values are:

. . . . . C, =1000 pF;L, =3000mH;C, =3370pF;L, =1481mH
Fig. 4 shows the results of a simulation considering a 2 s 2 b
sinusoid with 200 V of amplitude applied to the circuit. A € =5000nF;L, =5417 uH k,, = 04279 f;, = 2485 kHz
problem with this design can be observed. The voltage gafid. 5 shows the resulting waveforms. The voltage gain is
is quite low, with the output reaching only 6.504 kV.substantially increased, but significant energy (48.21%) i
Consider the sameC; andC; used in a double resonance left atC;.
network (Fig. 2a, design formulas and voltage gains N [6] [ zzum
operating in mode 5:7:9, excited at the central frequency VOB
The output voltage reaches 15.00 kV with the same 200 ILaxio0
of input peak voltage. The triple resonance design above i
more similar to the double resonance design with diarita
at the upper frequencynf, mode 5:7:9, that results in only
4,998 kV of maximum output voltage. The triple resonance
design with excitation at the upper frequenny i€ even
worse, resulting in just 4.081 kV. The capacitor-discharge
version would produce, from (1), 4.472 kV.

-B.5E+0003
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Figure 4. Voltages and currents with complete energy transfer

Vins10 -yl

Ill.  INCOMPLETE ENERGY TRANSFER TO INCREASE THE
VOLTAGE GAIN

A possibility that turns realizable the triple resooa
network with excitation at the second frequency is tigdes 0E+0004
for incomplete energy transfer, leaving some energién
capacitori?l or C, when the output voltage is maximum. Figure 5. Voltages and currents when some energy is & at

0.000E-+0000 1.500E-0005




C. Energyleftat @

efficiency is slightly better. 45.96 % of the energy rama

placing an impulsive current sourge= C,v, in parallel with
C,, and shifting it to the output, as shown in fig. 6.

Figure 6. Finding the effect of a charge @ at the output.

The output voltage can then be expressed in functioneof th
output impedance, and expanded in partial fractions. Afte

some manipulation, and using the fact tBatEs+E, = 1/C;,
the result is:

Vout = Zout (q + SZ L3C3q)_ SLSq =

( Es . Es . Es _
_(32+k2+32+3m2 SZ:nZ (q+sZL3C3q)—SL3q—

_ Elq(l— kz)s N qu(l— mz)s N E4q(1— nz)s

s? +k? s?+m? s +n?

(18)

Applying (18) in (7), using = ¢, the output impedance can

be found as:
E —e,A - —K?
o = szEJrliz * szligfnz e :iz = &) 8222 j(lg(l ))S+ (19)
+ qu‘ —E,A - qu(l— mz))5+ 034‘ —&,A, - E4q(l— nz))s
s?+m? s?+n?

And the residuesk; of the expansion of the output

impedance are then:
E = B|-€,A JE, = B €A - [B.|-€.A,
1+q-k?) 7 1+ql-m?) T 1+q-n?)
To makeE, positive and leavé; positive too,q must be
between the limits:

(20)

1 1
<q<

(21)
n*-1 m?-1

D. Example 3:
With the same parameters of example 2, the limitg) fare

0.0125 >q > 0.00833. The maximum voltage gain is s
obtained withg = 0.0088, approximately, that results in

maximum output voltage of 9.68 kV:
C, =1000 pF; L, =3000 mH;C, =1402 pF;L, = 4151uH
C, =5.000nF;L, =1386 uH;k,, =0.6001 f, = 2157 kHz

The voltages and currents are shown in Fig. 7. Thegmlta [7]
gain is smaller than in the previous example, although the

leaving energy inC; and C, by applying first the
transformation orz,,(s) that leaves energy i@;. There is
no apparent advantage on this, however.

7.8E+0003

ILbx10000
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ILax1000
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Figure 7. Voltages and currents when energy is leftat

IV. CONCLUSIONS

The detailed design of the triple resonance network with
sinusoidal excitation, assuming no losses, was desciibed.
was verified that the obtainable voltage gain for fixeoluk

and output capacitances and number of input cycles is
significantly smaller than in a similar double resoca
network. There is no solution for an arbitrarily sin@},

what would reduce the network to the double resonance case
with excitation between the resonances, and so produce a
similar high voltage gain. Two possible designs with
incomplete energy transfer were then described, thatt res

in larger voltage gain. A computer program that does all th
calculations and plots is available [7].
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